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A Langevin-type Stochastic Differential Equation on a
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Abstract. Let E' be the dual of a nuclear Fréchet space E and L®{t) the adjoint

operator of L(t) which has a formal expression:

L(t) = 2 a (t x) 62 +b (t x) ———
ax ax

i i
It is shown that the weak solution of a stochastic differential equation:
dX(t) = dW(t) + L»(t)X(t)de,
exists uniquely on a generalized functional space on E' which is an appropriate

model for the central limit theorem for an interacting system of spatially

extended neurons. Applications to the latter problem are discussed.

Key words and phrases: Weak solution, SUE, Fréchet derivative, generalized
functional space, central limit theorem, system of neurons.

”Research partially supported by the Air Force Office of Scientific Research
Contract No. F49620 85 C 0144.
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.~ §1. Introduction ) w4
. ) . qg.

S Recently, Deuschelg%iﬂ\has obtained a fluctuation result for a system of oo

L -‘[

. ol

lattice valued diffusion processes. The result obtained is similar to the ones

" )
for mean-field interacting particle diffusions treated in a number of papers , %g;
— ’// ) B W .

. - —273,8,9:16:23} In another direction, Kallianpur and Wolpert [11] have NQQ
)

introduced a class of stochastic differential equations (SDE's) governing

nuclear space valued processes as a model for voltage potentials for spatially
T
extended neurons. The present paper is motivated by both the above problems,

X AR

[P apd g Jap S J l‘
v aw_an

especially, the problem of interacting systems of neurons. The techniques

U

w8

developed in this paper enable us to prove a general result which yields a g&!

Sy

central limit theorem for such systems. It also provides another approach to Qe
NUTERE Al e A S

the fluctuation theorem iﬁ\[ég,/”ln addition, the identification problem of the

=

limit measures leads us to discuss the uniqueness of weak solutions of the SDE ,

-
L. J
..a

-
e

'%-.
el

formally expressed by
dX(t) = dW(t) + L*(t)X(t)dt.

A precise meaning to the above equation is given by equation (1.1) below. o
Our aim is to find a suitable space EE' of smooth functionals on the dual gyﬁ
hAS

nuclear space E‘' and to solve the SDE on the dual space ﬂé.. which is

appropriate for the central limit theorems we have in mind. h&
o

N

We will proceed to explain the setting: A stochastic process XF(t) 25"
» ¥l
defined on a complete probability space (Q.%.P) indexed by elements in P, is 243
called an Q(QE.)-process if XF(t) is a real stochastic process for any fixed a&
o
F € ﬂE and X pc(‘) = aXF(t) + ﬁXC(t) almost surely for each real numbers a,p %b'
and elements of F,G € 3, and further E[XF(t) ] is continuous with respect to F ]
LY.
on QE‘ [10]. Xp(t) is called continuous if lim E[(XF(t)-XF(s))z] = 0 for each VA
ts br‘

F € 3,,. Let W(t) be an #(%;.)-Wiener process, i.e. such that for any fixed !
%
e
3
’N
Pal’.
®
3
o

v, ~‘ f’— AT R e e R T R LR -f‘l: " -". 7\u «". .« w*, -.‘.'.-. RN P o -)‘ L v* R -*d
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. F € ﬂE.. WF(t) is a real continuous Gaussian additive process with mean O,
We will prove that a unique continuous Y(EE.)-process solution XF(t)

exists for the following equation with given initial value XF(O):

(1.1) dxF(t) = dWF(t) + XL(t)F(t)dt.

Roughly speaking, 1f L(t) generates the strongly continuous Kolmogorov

evolution operator U(t,s) from QE' into itself, the unique solution for (1.1)

can be given as follows:

Xe(8) = Xy(e,0)p(@) * Wp(t) + I3 ¥L(syu(e,s)p(s)ds.

We will now begin by giving the precise definitions of the operator L(t)
and the space QE.. Let E be a nuclear Fréchet space whose topology is defined

by an increasing sequence of Hilbertian semi-norms II-IIl 4 u-nzg---gu-np--- .

R R a R

As usual let E' be the dual space, Ep the completion of E by the p~th semi-norm

“-Hp and E; the dual space of Ep. Then ve have

« -]
‘ E=NE and E' = U Eé.
; p=0 P p=0

Let K be a separable Hilbert space with norm "'"K and F a mapping from E'

-

into K. Then F {s said to be Eﬁ-Fréchet differentiable if for every x € E', we

-

have a bounded linear operator EpF(x) from EQ into K such that

P
-

4£g+th) - F(x)
t—O

L) . ', .
pF(x)(h) he Ep in K

g >

p Suppose that F is Eé—Fréchet differentiable for every integer p > 0. Then

0
taking E' = U E and the strong topology of E', (which is equivalent to the
p=0 P

- inductive limit topology of E;; p=0.1,2,++¢), into account, we have a

- continuous linear operator DF(x) from E' equipped with the strong topology into

i o Y} e

" AT '.‘v(,‘&'_\'r.'\t\' "- "\"\'\' };’: x~1,-\ -3
::‘o".o"o l... .'i' O 0 “ .:' 40,0 .!.‘. h NI

’&}.’\-'\‘;

L)

o eyl \.:.\‘.i SNt B N

NN, _.-'\‘- "._F‘,.m‘.*-*- SRy ‘.. SN "‘-‘." )



3
'.
K such that for any integer p 2 0, DF(x)(h) = ?pF(x){h) for h € Eb. Hence, if ;f
e
¢
F is n-times Eé—Fréchet differentiable for every integer p 2 O, we have a $§
. "'l
continuous n-linear operator DnF(x) from E'xE’'x+++xE’ {nto K such that the e
. ' n-times ;r(
restriction of DnF(x) on EﬁxEéx---xEé = the n-th E;—Fréchet derivative @:F(x). :é
n-times N
Then if F is infinitely many times Eﬁ-Fréchet differentiable for every integer ¥
Al
p 2 O, the Hilbert-Schmidt norm ?l
<
X
IIDnF(x)II(p) ( 2 un"F(x)(hfp).hfp) .---.hf"))u2)1/ 2 !
11.12.---.1 = 1 2 n
is finite for each integer n 2 1 and p 2 O, where (hgp)) is a C.0.N.S., )
bl
(complete orthonormal system), in Eﬁ [14]. XN
From now on, we will often use the conventional notation such that i;
. >
iy
n°F (x u(p) = IF(x)N,. ;
(x) (x) %
Let B(t) be the standard E'-Wiener process such that for any £ € E, »N
<B(t).E> is a 1-dimensional Brownian motion, with variance :;
E[(B(t)'§>2] t"E" ., where <x,£>, (x € E', §f € E), denotes the canonical ;d
o~
bilinear form on E' x E. g
Without loss of generality, we assume B(t) is an Ei-valued Wiener process ig
A
throughout this paper, [17], [18]. ﬁiz
QN
Definition of L(t). For t > O and x € E', let A(t,x) and B(t,*) be x,
le
continuous mappings from E' into itself such that the following conditions are =
e
satisfied. 0%
(H1) There exists a natural number P such that A(t,x) maps Ei into Eé . T3
0 >
)
B(t.-) maps E' into E; and for each T > 0. )
0 4
o
N
L
&:
'
""""" na ¥ '.!""
e o e R M L



o : sup [ A(t.x)} g ¢® and sup IB(t,x)Il__ < =,
o x€E" X€E'’ Po
gﬁ 04T 0geST
] -
2 2 (0),2

:g where ".“-p denotes the dual norm of Eﬁ and JA(t,x)} 9 = flllA(t.x)hJ H_po K
)
‘5: (H2) A(t.x) and B(t,x) are infinitely many times Eé—Fréchet differentiable for
i".
:ﬂ‘ every integer p 2 O such that for any T > O and any integer n 2 1,
.'
R sup un"(t.x)u}(“’; (o and sup |anB(t.x)l|}gp; < @,
':i eru . . er' . .
.- 04 t<T 0<t<T

(-}
A where ID"A(t.x)I{P) = ( 3 I0°ce.x)(h{P) n(P) ..o n(P)y2)1/2 g
‘0 H.S. i b i 2
' 1,.,1,,°°,1 =1 1 2 n
p 1 2 n
. ®
e i"B(e.x)iP) = ( = ip"B(¢t.x) (h{P),n(P) ... n(P)y2 4172,
i H.S. i i 1 i -p,
> rigeeeeed =l 1 2 n 0
& (H3) For any integer n 2 O and any T > O, there exist A(n,P,T) > O and
-kj Al(n.p.T) > 0 such that
Y sup max(HDkA(t.x)-DkA(s.x)Hﬁp% .HDkB(t.x) - DkB(s.x)Hg S }
" <€E" .S. .S.
'g 0gk¢n
b ¢ \p.T) [e=sMPT) 0 g5t g
J_ d
o Then for any twice E;—Fréchet differentiable real valued functional F on E' for
#3 every p 2 0, we put
v
a9 l 2F
R (L(t)F)(x) = § trace ; D°F(x) o [A(t.x) x A(t.x)] + DF(x)(B(t.x)).
0, (¢}
)

.3

%

where trace D2F(x) o [A(t,x) » A(t.x)] = ; D2F(x)(A(t.x)h(o).A(t.x)h(o)).
E0 _ =1 J J

Definition of ﬂE.. For a real valued infinitely many times Eé-Fréchet
differentiable functional F on E' for every integer p20, we define the

following semi-norms:

@
v
\I

(.
N
>

[
\I
~.

A\l

)




= =~

(
IIF = 3 uFn\q
P.q.n

Z ‘R ko Pk .
N where p 2 0, q 2 O and n 2 O are integers and
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For any natural number n, define

: S(R") = {#(=) = h(z)e(<): ¢ € Y(®")}. ,
% where ¢(z) is an element of the Schwartz space 9(Rn) of rapidly decreasing

. C -functions on the n-dimensional Euclidean space R and h(z).
1.
I, z:(xl.xz.....xn). is a weight function such that h(z) = 1/g(z).
b n
A g(z) = T gy(x,). go(x,) = exp(-Vf|ylo(x,-y)dy) and p(z) is the Friedrichs

i=1 o'\ "1 (OAD | R i

5y
o mollifier whose support is contained in [-1,1]. Let {?J: J=1,2,...} be a
i)
k- countable dense subset of E. Define

(y

= ’ — - L N ) . n «’

D Co.n(E) = 0(x)=0(<x. B> o by oee B 0y 8 e s@Y) ;
\ §
h and introduce the nuclear Fréchet topology on this space by the countably many ;
3: semi-norms; ,
. A,k 3
. hon = sup (+1=12P 1D (e(=)8(=)) . p=0.1.2...., ]
[~ ceR”
s O<k<p
® b
¢ d.k ak ;
~ where (=) = p . Then we have a fundamental space '
" B gtk kK1 Ko K :
3 - 1 6x2 n
p q;(E') = U ﬁ; n(E') which is the strict inductive limit of nuclear Fréchet
. n=1 '

g . ] R
’: spaces Cy (E').
f: For any integers p 20, q 2 0and n 2 0, let ﬁp q.n be the completion of
K= o 3
?. C;(E') by the semi-norm "."p. ' We define QE’ = . 2 ngp.q.n and introduce a »
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i topology on EE. by the countably many semi-norms "."p.q.n' p20, q20 ard n)O.
:

)

f,': Then !)E. becomes a complete separable metric space [6].

L}

o Remark 1. The definition of . Is independent of the way of choosing a
C‘Q

‘$

. countable dense subset of E. We call a real valued functional expressed as

d(x) = ¢((x_§l),(x,§2),--o,(x,fn)) by using some natural number n, Ei e E,

i; 1=1,2,+++,n, and ¢ € S(an) a weighted Schwartz functional. Let % be the set of
A d
y all weighted Schwartz functionals, ’p n the completion of ® by li-1ll n and
: 9= N ¢ , where p 20, q20and n 2 O are integers. Then
_ P.q.n
$ P.q.n
._.; t
W _ g
“: D = ‘.’DE. . y
N
Proof. It is enough to show that ¢(x) = ¢(<x.fl>.<x1.52>. ..(x.§m>).
> !
N E eE, ¢¢ S(IR ) e Ep q.n’ By the nuclearity of E. we have a natural number A
. )
. r > max {p.q} such that
. 2 2
" (1.2) s {2 (e
D J -r
y J=1
1
: and since {EJ} is dense in E, for each i1, there exists a sequence {Ei k}'
X 8“( 3 (?J) such that
b (1.3) 1m ng, - & 0 =o. ;
.' k- i i.k r >
N On the other hand, D"(x)(h{%), n{3), .- n{V) 15 a fintte sum of terms; A
5 1 2 n
(1.4) - a:2 — G E D E >)<h(‘H) :
o 1 m <)
: ax1 axZ axm 2
4 x<h(®) g )...(h(Q) (h(Q) » () ¢ RIS a9 ¢ 3
(1) (1) 2§ (2) )€ .
° In A Jn2 ,
: r
.
S S L .'.\
. )Z-_.-::--;-f,;,; 2 _,;_.- :;: o ,:: N ’:‘\ . -.::::_::_;:::a :';_‘_r,.:::\\ ;,-' _.;j(r’ T _,-\ \ : . .\ \;\__x"_-.‘_':.:,-._3.__.:_;._.’.___\‘__ .
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where nl-l»nz'l'"‘ﬂ\m = n. Since -
#* m 3
(1.5) h(z)[ < Cjexp (3 Vx| ). '
axul pzo . -axum i=1 &
1 ax2 m
’ 0
'
Noticing ¢(z) = h(z)e(z)., ¢ € Y(IRm). we have v
o
o
—iixil_ & 7
(1.6) sup sup e pnax{ 5 ¢(<x.§l>. (x.§2> R <x.§m>) .
k xeE’ o P m v
P ax1 ax2 ".axm N
X
&
i P m ¢(<x'gl.k>' <x'82.k> Pt <x'gm.k>)|'
axl ax2 cooaxm _.
n, n,_, n+l n., n ¢(<x'?l.k) ’ <x'?2.k>' °te e
Oxy = mem Ok OxT Xyttt Oy .
e
’ J
<x.§i.k> + T(XED - <x.§i_k>). By, > oorte GED) &
xllxll_p. 0471, 1=1,2,¢++,m} ¢ C2. g:.g
K 3
Setting wl )(x)=¢(<x.31_k>. <x.?2.k> “'gm.k” and using (1.2) - (1.6). ot
we have
A ]
W
1im 1o - w(K)y =0, 3
k-0 p.q.n Y
P
which completes the proof. i,
.
~d
Here and in the sequel, we denote positive constants by C1 or, if :
f necessary, by Ci(rl.'r2.---). 1=1,2,+*+, in case they depend on the parameters '.
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Before proceeding to the discussion of equation (1.1), the following
remarks on the 2(95.)-W1ener process are in order. Taking the continuity of
WF(t) and E[WF(t)zj with respect to the parameters t and F into account, we

note that sup E[W (t) ] (®and sup E[WF(t)z] is lower semi-continuous on
0gtsT 0<t<T

QE’ . Since ﬂE. is a complete metric space, by the Banach-Steinhaus theorem we

have some positive integers P;-9 and m such that

1.7 E(W_(t T)nFn2
(1.7) ozuz L ?1¢¢ 3(T) Py-q;.m,.

Now given a functional Vt(F) such that for each t {t is a positive
definite quadratic form on EE. x QE.. increasing and continuous in t and

sup V (F) {C (T)HFHﬁ q.n for some natural numbers p, q and n, we can

0gtsT T

construct a ﬂE.—indexed Gaussian mean-zero continuous process WF(t) with
independent increments and variance Vt(F) by the Kolmogorov theorem, since
vtAs(F) is positive definite quadratic form with respect to (t,F), t € [0,®),
F € QE. . Here t A s = min {t,s}.

§2. Existence and Uniqueness of solutions of the SDE

Let ng t(x) be a solution of the following stochastic differential

equation:

Ny, ((x) = x * SO A(r.n_ (x))4B(r) + SB(r.n,  (x))dr.

where P(t) is the standard E'-Wiener process. By the assumptions (H1) and
(H2)., 1f p 2 Po and x € E;, then the solution of the above equation is uniquely
obtained by the usual method of successive approximations in Eé.

We will assume the following condition:
(H4) (L(t)F)(x) and (U(t.8)F)(x) = E[F(n, (x))] € %. 1f Fes,

Let WF(t), F € 9., be the Q(EE.)-Wiener process and L(t) the diffusion ’
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;: operator defined above. Then we will prove '
h
. Proposition 1. Under the assumptions (H1)-(H4) the continuous Q(EE.)-process
I solution of (1.1) such that for some 0<a<1, E[IXF(0)|2+Q] < @ {s uniquely given \
Al
Y as follows: :
Y ]
)
. t
R Xp(t) = Xy(e,0)r(@) * ¥p(®) *+ Jo¥; (oyu(e. syr(s)ds-
b )
§ Proof. Under the assumptions (H1)-(H4), L(t) is a continuous linear )
D operator from EE' into itself. We use the following lemma which will be proved
Q later.
d $
o Lemma 1. Suppose that the conditions (H1)-(H4) hold. Then L(t) generates ;
’ the Kolmogorov evolution operator U(t,s) :rom QE. into itself such that
) (1) U(t.s) i{s a continuous linear operator from ﬁE. into itslef, "
\ t
e
W (2) for any F € EE.. U(t.s)F is continuous from {(t,s); O0¢sSt} into QE.. \
» (3) U(t.t) = U(s,s) = identity operator,
¢
d

E (4)  gf U(t.s)F = U(t,s)L(t)F, 0 < s S ton 3.,
L d = -

(5) as U(t,.s)F = -L(s)U(t,.s)F. 0¢s{t, t>0 on QE' .
{i Further for any integers pzpo. q20, n20, j§21 and any T>0 and F € ﬂE" we have :
Y
v oaE 24 v |3 -s' |3 i
A (2.1) wu(.',s')F U(t.s)l-‘llp.q.n < CS(T.F.p.q.n){lt t' |+ [|s-s' |7},
“~ 0¢s,t,s',t' ¢T.
"
.'
.E First we will verify that the integral in Proposition 1 is well defined by
@ .
X showing that for any fixed F € 9_,, wL(s)U(t.s)F(s) is continuous in (t,s). '
N Since WF(t) i{s a Gaussian additive process with mean O and variance Vt(F). we
s, get for any integer n 2 1,
®
7 ;
e »
N R R .
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(22)  ELIWE(t;) = We(t) 1] < CoMV, (F)-V, (FN™ 0 € tp.ty < T.

' e "

We choose an integer k 2 4 such that 2kk(m1.ql.T) > 2, vhere m and q, are the
numbers which appeared in (1.7) and k(ml.ql.T) is the number in (H3). For

0 ¢s.t,s', t' {T, the fnequalities (2.1) and (2.2) yield, together with (H3),

2k
(2-3) E{I¥, () ue.s)r®") ~ "i(syuge.s)p($) )

$ G (TY(V,. (L(s)U(L.5)F) = V_(L(s)U(t.s)F))*

2k
ECI%, (s yucer. s )F(s ) FLsyuce. syp(s ) |

(T)HL(s JU(t'.s')F - L(s)U(t, s)FH

1' l'm

1

Co(THMU(t" . s")F - U(t, s)ru2k + U(e',s')F - U(e, s)FH

P9y Ml m, +2

P1-q-™

2kA(m,.q,,T
+ |s'-s (M9 )}

2kA(m, .q, .
< Clo(T)(]t—t'lk + ls—s’lk + ls'-sl 1'71

T)
}.

The inequalities (2.3) and (2.4) are sufficient for the Kolmogorov-Totoki
criterion [25] for continuity in (t,s). The continuity of wL(s)U(t.s)L(t)F(s)
in (t,s) can be proved similarly.

Now we proceed to the proof of the existence of solutions for (1.1).
Taking the relation U(t,s)F = F + ftU(T s)L(t)Fdr, the continuity of

2
wL(s)U(r.s)L(r)F(s) in 7, the linearity of W _(s) and the L™-continuity of

W_(s). into account, we have

YL(syu(e.s)F(8) = TL(syr(®) * 'L(s);‘u(f s)L(T)FdT(S)

¥esyp(s) * IswL(s)U(T.s)L(T)F(s)dT'

AT A T AT e
e I:f f“INfo "'T' . f,f
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é: so that by making use of the continuity of wL(s)U(r.s)L(r)F(s) in (7.s) again,
Ef we get
v t
. (2.5) So%L(syu(e,s)p(s)ds
:\
¥
W\ = So¥LyF(s)ds + SGU N yuir sy (r)r(s)T)ds
N
A
‘ t
y = So¥i(s)r(s)ds + SoUTH (oyu(r. s)L(r)F(S)ds)er
» = S0 (r)r(™) * JoRL(ayu(r. s)L(r)F(s)d8)dT
L]
t

o = Jol*L(r)r(M = Xy(r.0)L(r)F(0))d™
o
)
:‘ Combining the L2—continuity of XF(O) in the definition of Q(EE.)-process and
N
‘ the Jensen inequality such that E[IXF(O) |2+a] < E[IXF(O)lz]a. we get that
... E[ IXF(O) |2+a] is continuous in $;.. Hence there exist positive integers
#
::. P, 2 Pp- s and m, such that
i
) 2+a 2+a
‘ (2.6) EL{X_(0} 7] € C,,liFl
) F 11 Py.95. m2
Therefore the Kolmogorov criterion for continuity, together with the
L
L

inequalities (2.1) i{n Lemma 1 and (2.6), yields the continuity of
.
}? xU(T.O)L(T)F(O) in 7. Thus we get
é}
) t = -
v (2.7) So%u(r.0yL(r)F(@)4T = Xy 0)F(O) - X(0)-
Ly
:s:. The equalities (2.5) and (2.7) show that XF(t) is a solution of the equation
! ks
i (1.1). f
o . Following H. Komatsu [12], we now prove the uniqueness of L2-continuous
§ solutions for the equation (1.1). Let Yl(t.F) and Yz(t.l-‘) be the two
<o
I continuous ﬂ(ﬂE.)—process solutions for the equation (1.1). First we remark by ’
® the Baire category theorem that for each T > O, we have some natural number '
3 |
y )
A
1)
D
@
»
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C i2 ;

N '

N Py 2 Po-93 and my such that ;

) ¢

! ‘

' 2

t (2.8) - max  sup E[Y (t.F)7] S C ,(T)UFIl

1=1,2 OGtT | 12 P3-d3.M3

.‘: ]

*

:‘ Define v(t.F) = Yl(t.F) - Yz(t.F). Then for any a > O, we will prove s

; gE-E[v(t.U(a.t)F)z] =0 for t € (0,a]. The inequality (2.8) and the strong A

"y continuity of U(t,s), ((2) in Lemma 1), yield

D

'

é 2 2 3

R v(s,U(a,.s)F)” - v{t,U(a,t)F)* :

: EC| _- v 1

. < Cp(r.F) p(HEHES LR 12, o ¢ € (0.0) € [0.).

: :

: The inequality (2.8) and the strong continuity of L(t) and U(t.s) imply that \

R '

q

' (2.9)  1am g [He 0. 0F) - v(e.U0(.OF) _ y(e 1 (0)0(a, 0)F) 2] = 0. :

1 sot b

'!. \
+

g By the strong continuity of U(t,s). we get similarly TN

(2.10) 11m [ |¥(s:[U(a.5) - U(a.t)]F) - v(t.[U(a.s) - U(a.t)IF)
s s-t s -t

’

9 &
. _ - v(t,L(t)[U(a,s) - U(a,t)]F)|“] = O. ;
3 2

X :
¢ Since L(t) generates the Kolmogorov evolution operator U(t,s), we have ¥
. 1im E[ Jv(t.L(t)U(a.s)F) - v(t.L(t)U(a.t)F)|%] = O p
C s S
¢ \
| 11m E[ Jv(t.L(t)U(a,t)F) + v(t,2:5) = U(a.t) £y 12y _ o \
b s -t »

H S% :
, so that we get ~
D) ‘§
- A

, (2.11)  im E[ [v(t.L(t)U(a.s)F) + L(E.U(a.8)F) - v(e.U(a.O)F) 12, g

s st s-t .
‘ .
s From (2.9), (2.10) and (2.11), we get the desired equality claimed above. )
L :\
: 3
: N
‘ .
'Q

-
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Hence E[v(t.U(a.t)F)z] = constant. Then letting t - 0, by (2.8) and the :
definition of continuity of an Q(EE.)-process in t, we have the constant = 0. ,t‘:
Taking the equalities E[v(t.U(a.t)F)z] = E[(v(t.F) + v(¢,[U(a.t) - U(a.a)]F))z] .
»

and lim E[v(t.[U(a,t) - U(a.a)]F)z] = 0, into account, we have E[v(a F)2] =0

l

}

’ 1] 3

t-a %ﬁ

for any a > O, which implies v(a,F) = O almost surely. Thus the proof is :::
completed. ;:;
.

|

3

§3. Proof of Lemma 1. o
As in [20], [21]. we will treat the generation problem via the stochastic "!’;

[

method. I:\
s

For any F in QE" we recall the definition of U(t,s): 3

:".

(U(z.8)F)(x) = E[F(n, ,(x))]. i

* (0

To examine that U(t,s) is the evolution operator stated in Lemma 1, we - !::

will check some regularities and integrabilities for g t(x). It is obvious

+

L] L] 9 L] l
that if p 2 Po and x € Ep. ‘ns.t(x) € Ep. so that for h € qu- ns.t(x+h) € Eps. i"
where P = P v Py Here a V b = max{a,b}. Following Kunita (p. 219 of [13]). f
we will show that E (r) : —(n t:(x+-rl'1) ng t(x)} has a continuous extension a
at v = O for any s,t a.s. in E]', . This can be proved by appealing to the ,E
5 3

i

Kolmogorov-Totoki criterion for continuity [25]. 2
Lemma 2. For any T>0 and any integer j 2 1, we have :."
4

L] 2 L] » L 0

E[UE, (1) - &, (7 )""J’s] € C (T h){]s-s B+ Je - o Pefr-r ). v

0 s,s'.¢t,t' 7,7 T.

First we will show the following inequality. Let A(r) be a well

measurable random linear operator from E; to E", such that

1 0

‘a‘
, s
TR RSO o AR A .!'.0. Ot W o e K .-".i Wit ».:. R d.::..'::: a"u!. .0".'."5"»".'
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E[f:lA(!') i gdr] < ®. Then we have

Lemma 3. For any integer j 2 1,
ELIEA()AB(e)Z) 1 € Cog(NELUL TA) D Jar) ).

Proof. Let (-,¢) be the inner product in E' such that
"Po Po

(x.x) = llxll% . Setting 8(x) = (x.x)J and y(t) = ItA(r)dﬁ(r) and applying
“Pg Po “Pg s

the It; formula, (Kuo [15]). for 6(y(t)), we get

(3.1) E[uy(c)nfgo] = %E[f:traceEoDze(y(r))O[A(r)xA(r)]dr]

[ Lo

BLSE 3 (2R () A RON2 ty(e)i22)
$ 1=1 Po Po
+ 25uA(r)n{%)2 Ily(r)lI2U Dyar]
Po
< (3+2305-1)ELSE N AC) | 2y ()20 Dyry.,
Po

By Holder’s inequality and the martingale inequality, the right hand side of
(3.1) 1s dominated by '

(3+23(3-1))EC sup ty(r)u%d ]J -/ (M POY DB

sSrt
¢ 22w 20Dty (o) 17 B ac 13ty
which completes the proof of Lemma 3.
Proof of Lemma 2. Now for the convenience of notations we will write

= dﬁo(t). dg(t) = dﬂl(t). Ao(t.x) = B(t.x), Al(t.x) = A(t.x).. "'o"'"'"-po

and I-ll= |° '2 Without loss of generality, we may assume

1-“.

‘..\’ NS Tt AT ':»:'j




15
“: 0¢s¢s <t ¢T. Then§ (7) - £ . (') 1s a sum of the following
‘ : terms: |
= (3.2) 3 53 UgPA(r L, (TY))(E, (T))dy)dB, (r).
: - vhere {_ (7.y) =1y (x) + y(ng (x+7h) - 0 (x)).
§ (3.3) 3 15 UgOA(rEy (7)) E, ()

DA(r.L . (7 YD, L (7°)))dy)dB,(r).

) :
:w By Lemma 3 and the assumption (H2). the expectation of the 2j-th power of the '
¢
:: iel__ -norm of (3.2) is dominated by \
o -Ps
@
; Cyg 3 ELUSS mlDA (r.C, (+.))(E, _(r))dy wlar)d] |
i 16 o s NPT g (T YD (Eg o i
w
1)
(r.‘ 3 ' J"l s’ 2,1
< Cyp lz( |s'-s] E[S llfs.r('r)ll_psdr].
W
¢ (
:: Again using Lemma 3, assumption (H2) and the Gronwall lemma, we have d
4
1)
»
\)
¥ (3.4) Efin. _(x)-n. (I 1< c ix-yi2d | x.y € E’
: s,t s, t ~Pg 18" %Y -ps' ' ps' ‘
: h
which implies :
N s’ 2J 2] ... :
» (3.5) E[J, Ilfs.r(r)ll_psdr] < 018"h“-p5|s s]. |
®
; Since the integrand in (3.3)
& )
P . l
A - - *
; = fo DA (r L, (T, (1) - E,. (r'))dy
; + 0y UgPA(ror, o (1 y D, (1) = € 0 (T .y))dy,)(E,. (+))dy
" 0o Ak ‘Ts.8' .0\ T Yy s,r 7Y s’ r\7 YIS, o !
A
K . . ‘
A where 7’.3..r(1.r y,) = (',.r(-r y) + yl(fs.r('r.y) - g 2(T7.¥)). the
l'lk-norm of the integrand is dominated by }
oy \
::: o
i ‘»
»
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(3.6) Cro {1E, 1(7) = Ego (T +(in, () = . GO,
+ Hns.r(x+rh) - ns..r(x+r'h)"_ps)ufs.'r(r')u_Ps}.

By Lemma 3 and (3.6), the expectation of the 2j-th power of H~H_p -norm of
5

(3.3) is dominated by

(3.7) CpolSt E[IE, (1) - Es..r(r')uggs]dr

+ S5.E[im, (x) - ﬂs-.r(x)“fgsllle[Hfs..r(T')Hfgs]llzdr E

+ SLECIn, (x+7h) = m. (xer h)u‘“5 31/ 2}:[115 )n‘” ]V 24r). |

From the assumptions (Hl1) and (H2), we get é
" (rong ((x)) - A (r.ng. (x*))m < Co il (x) - ns'.r(x.)"-p ) i

and taking the expectations of the 2n-th power of both sides of H-H_p -norm of
S

the following inequality;
ing ((x) - ns..t.(X')"_p
<3 53 A (ran, (x))dB ()0
tn . . \
+ 13 Fe Alrang. (x ))dﬁk(r)ﬂ_p5 E
.z for(ro, (X)) - Aer oy (BN,

we have, by Lemma 3, similarly f
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120
E[Ilns.t(x) - ns..t.(x )ll_psj
< Cpp(M (o=t P+ |s-s*|" + I:E[Hns'r(x)-ns..r(x‘)uggs]dr}.

Noticing that ng r(x) =n,. (ns s.(x)) and g r(-) is independent of g s,(-)

F

and using (3.4), we get

E[in, (x) - ns.'r(x')ufgs] = It; E[ﬂns.'r(y)—ns.'r(x')ﬂgss]P(ns.s.(x)edy)
5

n2n
< IEQ Coqlly-x H_psP(ns's.(x) € dy)

S

2n
>3

= 023E[Hns's.(x) -x'll .

< C24{"x-x'ug;5 + Is’—sln}.

vwhere P(-) denotes the fundamental probability measure associated with B(t).

Hence we obtain

(3.8) Eflin, .(x) - ns..t.(x')ufﬁs < c25(1){|t-t'|n+|s—s-|n+ux-x'uf:5}.

Combining (3.2), (3.3), (3.4). (3.5). (3.7) and (3.8), we have
A2
E[NE, (7) - E,. (7 )u_f,sl
< Cés(T)HhHEgs{lt-t'lj + [s-s' |3+ |r-r'|23uhufgs).

This completes the proof of Lemma 2.

2
e,
Let T tend to O, we have for each x € E;. gg?
)
¢ .
. = + N . ®
(3:9) Do, () =+ 30 DA, ()0, GO(R))4B(F)
o
N
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For the higher order differentiations, the formula similar to (3.9) can be

proved inductively, together with the following lemma.

Lemma 4. Suppose that a natural number q » Py and any T > 0. Then for

0 {s,t,s',t' T, a natural number j and x.x'.hi € E&, 1=1.2,+++.n, we have
n L N ] 2j 2J 2‘1.‘. 2J

(3.10) E[WD ns.t(x)(hl‘h2' 'hn)"—q] < 027(T)uh1u_quh2n_q thu_q.

(3.11)  E[D"n, (x)(hjhyoeeeuh) = D L (x" ) (hy by, b )12

_ee td et |d o2 2 2j,.. 2]
$ Cog(TI{le-t" |7 + |s-s' |7 + x—x W2 Wb WZQholZo« = Uh 175
Proof. First we will show (3.10) for the case n=l.

(H1) and (H2), we get

By the assumptions

*DA(r.ng ())(Bn,  (x)(h))m, € CogliDn, (x)(WI_.

so that taking the expectations of 2j-th powers of H'H_q norms of both sides of

(3.9) and using Lemma 3, we get

E[HDns.t(x)(h)Hfi] < c3o(T){nhufg + gt E[HDns.r(x)(h)Hg:]dr}

and the Gronwall inequality gives (3.10) for the case where n=1. For n > 2, we

«
Pl A b A LW

will prove the inequality by mathematical induction. For hl.hz.'°-.hn € E&.

P

(00, () (b Bg.oe ) = 2 S Ao, (D)) (hy By, B )aBy (1)

- e e

Since

L AIILPL

(3.12) DA (r.n, L (x)))(hy by, . )

= DAk(r.ns'r(X))(Dnns'r(x) (hl'h2' ".'hn))

+ finite sum of terms of the type

.}J 2 240

& o R N = L ; R N S N R R B SO B A N

" Ve o e A TN S N SRR SLS RN CAAS

’ %t 0,70 T iy > . AT RN AR A R RN
:bl't!!‘-.l s, ’v."t.l AOI .o. Toatyt X ; WS, > R
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n
("M rong (O Mg (R (1), b (qyeeeh ),
i’ 3 In,

: n
*e LR 2 m LN ]
M5, rCI (R (2) P (2)07 7o R (2)) 77D g (LA (e B (myetttR )
1 2 n, 1 2 n

vhere 2 {m { n, n, + n2+~-~+nm =nand 0 £ n, { n-1, so that using the

inductive assumption, we get (3.10) by the same argument as before. E;
Before proceeding to the proof of (3.11), we note that for h € Eé. E '
Ians.t(x)(h)-Dns.'t.(x')(h)ll_q is dominated by b
bt

(3.13) 3 llI:.D(Ak(r.ns.r(x)))(h)dBk(r)ll_q 2
Ny

* 3L DA (e, () BIB(IIg 4

F{ ‘

* 2 W DAL, (D)) - Dk (rn,. (<)) (WA o

=3

Now, by the assumptions (H1) and (H2). we have ;
(3.14) sD(A, (r.ng (x)))(h)-D(A(r.n . (x')))(h))m, 0
~a.

S w{DA(r.n, ())-DA(r.n . (x'))}(Dn, (x)(h))m, %

o

lhv

+ WDA(r.m . (x'))(Dn, (x)(h)-Dn,. (x")(h))m,

L

$ Cqy (M{in, _(x)=n,. (xIW_(iDn, (x)(W)I_

+ WD, (x)(h)-Dn . _(x")(W)I_.}.

Hence from (3.8), (3.13) and (3.14) we have

> e e

NN KNS Tl
. >,

. 2
E[UDn, (x)(h)-Dn . ,.(x")()NZ]]

R
B
.

P T e AT T A e T SRRy ‘_.ﬁ. T AT N e T A T e N
.« " -z.*,'-,-’, f-'-’-‘-‘-f-r'lf.’-"v"
_\(~f f,c' (J'- J‘ f ST ,_1 /-" x\.-\,_’{,
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< Cyp(T){(le-t |4 + |s—s'|J+Hx-x'H§é)HhN?g
+ J3EQIDn, (x)(h)-Dn . (x")(m)n2dgar),

which gives (3.11) by the Gronwall lemma for the case n=1. By (3.12) and the
n n
estimation of IID ns.t(x)(hl'hZ'...‘hn)-D 'ns..t.(x)(hl.hz."'.hn)ll_q similar to

that in (3.13), mathematical induction and the Gronwall lemma yield the proof

of (3.11) for n 2 2.

For the proof of the generation problem of L(t) we proceed as follows. By

the assumptions (H1) and (H2), (3.8) and (3.10) of Lemma 4, we may exchange the

order of the differentiation and the integration. Then by the Ito formula

[15]. we have the pointwise Kolmogorov forward and backward equations as in the

finite dimensional case (Theorem 1 (page 73) of [7]):
S (U(E.9)F) () = (U(e.9)L()F)(x)
L (U(t.s)F)(x) = ~(L(s)U(t.s)F)(x).

Let p 20, q20and n 2 O be integers and x € Eé. Since

Dn(F(ns t(x)))(hgq).hgq).---.hgq)) is a finite sum of terms of the type
! 1 2 n

n, )
I = D"F(n, (x))(D n,.t<*"“§?i)'“§?i)"'°'“ﬁ?i))- D "ng, (%)
1 2 ny

n
‘hs?%>'h§?%)""'h§?3)"""D m"s.t‘*"“g?%)'hﬁ?i)'""hj?i)”'
o 1 2 n, 1 2 n

+ 4+ n_=n
n, +n, n '

so that from the nuclearity of E and (3.10), we have an integer

q’' D max(p.po.q) such that

AT ATATS \'f\‘_\):ﬁ_,\ ALY \'.;j:-

“ \ﬁ;c;"t\ ! A

AT
W T
.\f\ AN
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(3.15) s {2 | ¢ e “
and . e
20n (x) . n o
2 2 s, ¢ OM_ge 7y (@) ,(a) 5

(3.16) E[|I|°] ¢ "F"q~,q',nEf° D ns.t(x)(hj(l).hj(l), 4
1 2 0

ut

oo n(@) 12 p 2 (@) (@) ... n0@) 2 ... N
.hj(l))ll_q.llD ns.t(x)(hj(2)'hj(2)' 'hJ(2))"-q‘ .ﬁ

n; 1 2 n, :

n ]

ceeiD ™ (a) . (q) Leee, (q) ,2 '

A S OB IRl

1 2 n o

m e

x

( aln _Gon L i

2 (9),2 )2 ..gpe),2 s, t'777-q" 42 -

< C33"F"q'.q'.n"hil Ii_q.llh12 Il_q. Ilh1n Il_q.E[e 1" e

o

Here we will prove i
3

Lemma 5. For any a > O and T > O, there exists a constant C34 = 034(a.T) >
such that :.,
-,

alln. . ()I__, allxh__, "

sup Efe s.t 17« Cye -

0¢s, tT

R

Proof. By (H1). lin, (). ¢ lell_q,+C35+Ilf:A(r.ns'r(x))dB(r)ll_q.. E
Following [8], it is enough to prove E[exp(llffaA(r.ns r(x))dﬁ(r)ll_q.)] < C36' ¢
Setting Yo t;(x) = I:GA(P-US l_(x))c:l[i(x'). by the It; formula and the assumption 7]
(H1)., we get for any integer m 2 2, E
R,
(3.17) ELly, (T .1 < EL(Lelly, (nZ )™ »
: 2

t1 2 371, 2 2

S E[1+ -2-{23(1+l|ys'r(x)ll_q.) Ul FYCR I C)) B .;

L J

:::

)

N

-------- O T T T T N T N i N L N T I T T e R T e S I NS
;\-_\ .‘_-.j-\.__-sj:-.';\'x:u::-.'_-.:;.:*.',-.::-. A T T e T T \"~.‘;_~.‘_~.“'\::-.‘:x':-.::\."\' AR R CL TR LR
A A APy ey - N ~" N A -\'\.'('\. "y Xn '\“\ Nhe Sy,



...’l..l.l. ALY
DL PN !&"&"‘C“'n{'f'f‘.

-

IS T
AW

-.
1%a

.'. n’ln

D l‘..'I' [ )
f

jul -2 ©
+ GED sy, 2 )2 az(izl(ys_r(x)-A(f-ﬂs.r(X))hgo))?q.)}dr]
-1
<1+ 2P rEL ey, (5% 0% er,
vwhere C37 = :LGlE. JA(t.x) lg and Ilelgq. = (x.x)_q. . If we use (3.17)
0T

recursively, the rest is similar to the argument in [8], which completes the

proof.
Therefore (3.15), (3.16) and Lemma S yleld
WU(e. )P S Cag(TIFI, . . t.s € [0.T],

which implies that U(t,s) is a continuous linear operator from EE. into itself.
In the same way as in [21], if we prove the strong continuity of U(t,s)F
in (t,s), the pointwise Kolmogorov forward and backward equations imply that

L(t) generates the evolution operator U{t,s). Since HIU(t,s)" 'J(t'.s’)FII2j

p.q.n
is dominated by a finite sum of terms of the type
-2 lxil_ i : n, 0
sup e b E[IDF(n_ .(x))(D 'm x
er;: ng)--’él) :"..J;i) s,t s.t
ng),Jém) : ...,jgm)
m
(@) (@) ...y 2 (@ @) ... pn@) ...
()R (1) R (1)) B g (IR 3y R gy e R gy
R N 1L 1
1 o
n n
1
D mns.t(X)(hg?;). S UBSR N IR LRSI RN
1 2 nm




Ao D N R NN
, }- B¢

(9 () ....h(Q)))_ Dnzns..t.(x)(h(q) @) en(9)

TORNO RN @@

ny

n
.. ) eee n(@) )2
: .Dmns..t.(X)(h(?z,) h“(‘ e B g P91,

n
m
so that by (3.8), Lemmas 4 and 5 and the nuclearity of E, we have

WU(t,s)F - U(t'.s')ruifq.n < ng"F"zé,q',n+1(|""|j+|s's'|J)-

s
R

This completes the proof of Lemma 1.

e
s
3
§4. Generation of the Kolmogorov Evolution Operator ha
I
In this Section, we will discuss assumption (H4). Let K be a separable v
Hilbert space. We call a K-valued functional
G(x) = s(<x.fl>.<8.§2).°".<x.§n)). 51.52.°’°.En € E, a smooth functional if
g(x): R® > K is a C ~function. Further we call G(x) a bounded smooth
functional if g(x) itself and all the derivatives of g(x) are bounded. The
coefficients A(t.x) and B(t,x) are said to be approximated by bounded smooth
functionals on E' if for any integers, p 2 Pyr 4 2 0and n 2 0, there exist
sequences of bounded smooth functionals
Am(t.x) = am(t.<x.fl>.<x.E2>.°°°.(x.§km>)
and
Bm(t.x) = bm(t.<x.§1).<x.f2).°".<x.fkm>) &f
such that the fol;owing conditions are sati{sfied:
i
v ¢
(4.1) Am(t.x) and Bm(t.x) satisfy the conditions (dl). (Hz) and (H3). ey
®
(4.2) For any T > O, N
\:'
A
R
~
‘.'~ 5 : R T Ny LIS TN Sty e SN R , » ,‘\4' g '."'_l” v N
A5 i. . .qh ‘Inl.r.\i!‘ll.n A ACLA :’ " .' A ."""“‘ -] o l f ‘, Wy



sup | A(t.x)-A (t.3) 13 =
x€E'

OStST

sup 1B(t,x)-B (t.x)I_
x€E} m P

o<tgT

sup IDFA(t.x)-D¥A_(t.x)n{3) =
x€E' :

OStST

sup HDkB(t x)-DkB (t. x)"(Q).

x€E'
ogch
Proposition 2. Suppose that the coefficients A(t,x) and B(t,x) are

approximated by bounded smooth functionals on E‘'. Then if F e EE' .

U(e.5)F(x) = E[F(n, ,(x))] e %

Proof. It is convenient to use the notation Ao(t.x) = B(t.x) and
Al(t.x) = A(t,x). For any integers p 2 0, q 2 0 and n 2 O, we choose an

integer q' > max{p.po.q} such that

5 n(@)y2
(4.3) Jiluhj WZge <+

since E is a nuclear Fréchet space. Then by the assumptions, for any 0 ¢ § < 1
and Ak(t.x). k=0,1, there exist bounded smooth functionals
Ak(t.x) = ak(t.<x.fl>.<x.(2).-'°.(x.(mk>). k=0,1 such that

n+l

(q )
4.4 ) HD t.x)-D x H <6 .
( ) o sup‘ Ak( ) Ak(t )

OstST

For sufficiently large N, we put

-" 3

AR AT S L
" ':’\*\ x’ e *\' “\ RSN “\h\'\* f\ \ -“ ot
! \



) . .
¢ N t 7 " . ;
- zs't(x) =x + k}:,rs Ak(tl.x*-ifs A (e, .

. "-x*l?:u—lxk(tN'x)dpk(tN))'“)dﬁk(tl)'

k- Setting

H Ry

n s,t

; 2700 = of Ak(tl.x+2.r CICHEES 2 (e QIACRIED LN CH

S .

n=1,2,++-+,N, where to=t. by Lemma 3, we have for any x € Eé. 0¢s,t {T and

any integer §j 2 1.

]
[ _N 25 )
(4.5) E[Ilns, (x) zZg t(x)“-q'] ’%
4 ':
; 2J-1 () yn2d .
2 E[llns.t(x) zs.t(x)"—q']
: .3 2 ez (k1 ()2 (K ()12 5 :
3 k=2 S.t .t e’ 1
k., '
. + (22J 1) E[llz(N)(x) “Zg t(x)ll )
“
< (227125257 & 3 (22971223 (k1) g23pkrk o .
k=2
: o P N 282 g
M J
_‘ ¢ 62dexp(22(2I Vpv)2IT) & (2237 1)2RNR20 20NN
¢
l where M = max max sup llDe;k(t,x)ll}(‘qé) and R = CIS(J)TJ-1 + Tz"-l. Hence "
W k 0<&<n+1 xéEc". e
' ogtgT i
e for any ¢ > O, {f we take sufficiently small & and large N, we have
: ¢
)
Y N 2
;‘. (4.6) sup. E[llns.t(x)-—zs.t(x)ll_:.] < e. N
: x€E ¢
5 P A
\d ®
Yy Next we will verify by mathematical induction that for any integer ;
Y X
" !
Uy
%
‘ ®
Kl
‘? '
'w *,“,(,ﬁ),‘-';-m 1.) -w \w\ ’N *'- Y, w-*- nw:l‘-v .‘7.*. V‘l‘\fi‘,‘.—v-

‘.:.lal..‘\ “'I.'.I.-t. l‘!‘!‘a » -“ * AAOAS KA X e I’-*.l i oY 00. oty l“.“- l.l.t'o ..~ » 05p.'o‘0‘ .t."'. ﬁl‘“’é‘.‘“.", v, Y
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1 {k {nand any € > O, there exists an integer N(k.e) such that if
N 2 N(k.e).

(4.7)  E[ID%n (x)(h(Q) (q) e h(q),

S 0045 D <

For any e¢' > 0, (4.5) gives that if we take sufficiently small 6§ and large
n{e'). then for any N ? n(e’)

(48)  swp E[in, () - zg.t(x)nfg.]1/2 <e'
P

Here we need the following lemma for later use. In a manner similar to

that in the proofs of (3.10) and Lemma 5, we get

Lemma 6. For any integers q 2 Py J21., n21and any T > O, we have

n N R X
(4.9) OS:‘:‘I:ST E[ID zs.t(x) (hl'h2' 'hn)“—q]

2J 2Jo.o 2" - see *
< Cyo(TYih NZCHh N0 e el W20, x.hy o1 = 1.2,0++.n € E_,

Foranya?>0and T > O,

allzr: t(x)ll allxil
(4.10) sup E[e ¥ q¢c
0¢s, tST
For any § € Eand any a > O and T > O, there exists C42 = 42(§.¢1.T) such that

(4.11) ossu,:S max{E[exp(av[<n, (x).£>])]. E[exp(a¢1<zg.t(x).§>l)]}
. .

€ Cyoexp(a/<x, £>]).

Setting

e e S N S A L LR L
'1 o .<- Aoy g e o " v
\. Xty -'\‘u S ( '* LAY '
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m,N (2)
y,.t(x)(h11 )

- h“lﬂ N IJ'tDAk(tl.zn_l (x))(h‘“’»:f DA, (t,.2 t2(x))(hf‘l"

t ~
+'"+12“rsm—1DAk(tm'ns.tm(x))(DnS.tm(x) (hﬁj’))dﬂk( € ))+-+)dB, (¢,).

w0
= o+ 2R (e (x))(h“"+zf Dhy (g2 ¢ ()

t ~ -
*"'*ffs""l%(‘m-zg.'fm(x))(Dﬂs,tm(x)(*‘f‘:)”dﬂkﬁm))'")dﬁkhl’
and taking N 2 m + n(e'), we have by Lemma 3, (3.10) and (4.9),

B[00, (I {P)-Dey (R{T2}.3
A CNO TN E AN O LTS

AR CHNC (LR AN GILp T

m1

IR (Gl e AN O IO o OTUhe Lo
+ (22,) -1 k+3E(" k+l, N( )(h(q)) k+1 N( )(h(q))"2j 1}
+ (221-1)m+25(ﬂz::§(x)(hgj))-DzE.t(x)(hgj))ﬂgi.]

¢ C {6222 )ZRT + o0 (229713 WPhrr
1

m-1
+ 3 ((221 1)2k+362jnk*l"2]k
k=1
AL LU R UG FUN N s ~ NICRA PR A A T AL
S 4.‘3’:! T O T ,.;:“Q W AL \': o \':: “~ 's. ‘s.'(\ -‘-l‘., 7 x." '\ \*: N S N L A

-----

s oL
- ﬂ.-!ﬂ'

AW,

« ,“.-&-..-“;.'-, rt _1"l'c1:

e

{,"r [P

LI Y

2 af) 4t



+ (221—1)2k+4 e’ k+1“2j(k+l))Tk+1/(k+l)!
+ (2297 1y2mi2gm2dmm g
$C (82 v et s (22371)2m2gm2imem ),

which gives (4.7) for k=1 if we take sufficiently small &, ¢' and large m. We

assume (4.7) holds for integers 1 ( k< &, & 2 1.
Since

De+l(Ak(r'"s.r(x)))(h§?).hf:).-...hSQ) )

&+1

2+1
- DA (rn, () ns'r(x)(hgi). hgg),....hgzzl))

+ finite sum of terms of the type

n
DU (rng ())(D lns.r(X)(hE?{)-hﬁ?z).°°'.h§?2)).
1 2 n,
"2
D ns.r(x)(hj?%).hg?%).'°-.h§?;)).'°'.
1 2 n,
n
D uns'r(x)(h(?l).h(?a).°°°.h(?a))).
3§05 iy
where

2 {u( &+, nl+n2+u-+nu = 8+1, {h(?z), 1=1,2,¢%+,u} = (hgq). J=1.2,04¢,8+1}
N 3
1

and

2+1 (a) ,.(q) (q)
D W pl .o n
T, o (X)( 1, Ty ‘e+1)

P e A% O A P i e e | Lg% | " ; j » 703 W00 TR UL e P R PR
4 g 0 o W] Vool o0yttt 0Tk RIS ST P B
g ":'.'A:."t:.‘:..'l'. 5":' '!'l o‘ :.'!‘u"'c' s"‘::.'n' .‘!'o'. l'!‘t',.::’;.:.!‘:"v o‘!‘a‘.‘c’!‘t‘!‘::t"‘t’:‘ W] .0‘:‘:'. l"l’- A N

e

.

I e e 2

A x| @




b o

S 29 S
\
t . 8+1 ]
| =340 (Ak(r.ns.r(x)))(hgz).hgz).°°°.h§:11)dﬂk(r). ]
; b
[ )
4 so (4.7) for k 2 2 can be proved similarly. P
. ) i
’ Since F € EE , for any 0 < &' <1, we have a weighted Schwartz functional :
F(x) = £(<.E >0k, Ep .0 o <X, >) such that
‘ n+l -ixll__, ~ . .
¥ (4.12) 32 sup e -q IIDk(F(x)-F(x))HISqS) <Ce'. :
s k=0 x€E’, e !
! ? )
i Then to prove Proposition 2, it is enough to show (U{t,s)F)(x) is approximated
: by weighted Schwartz functionals in l|~l|‘(,ql)(. 0 <k {n. Since 2
‘ [ ]
: Dk(F(n (x)))(h(q).h(Q).°°-.h(q)) is a finite sum of terms of the type '
‘ s.t 1, ", 1, _ )
‘
: (4.13) L@ @ ... @, 0D |
\ i, i, " | ,
» 1 2 k [
N
) L]
i n
= 0F(n, GO 'n, (B W), nnzns_t(x) .
Jl J2 Jn I,
1 |
3 '
(@) pa) ...p@)y ... pu (@) p@ ... (@) s
: 1 2 ny 1 2 n, :
: :
é where 0 { u { k and n 4ngteccdn = k. so that setting ;
) 2
e N
‘. (4.14) Jh(q) h(q) .. h(Q)(zs.t(x))
1 il ' 12 ' ' ik
[ :
A W
: St "1 N (@ (@) ...pQ)y p2N ’
. = D F(zs.t(x))(n zs't(X)(hJ(l)'hJ(l).'. lh (1))' D zs.t(x) -
iy 1 2 jnl
b N |
" n : t
D (@) p(@) .., x(a) y ...puN (@) (@) ... pQ) 5
X (hj(z).hj(z)' .hj(z)). .D zs't(X) (hj(u)o hj(u)c ohj(u)). ;
. 1 2 n, 1 2 n, :
A :
\‘ A
; 3
v
\ | >
"; o
B R R S S A SR S e
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; we see that (llU(t.s)F—E[;(zr: t('))]";()ql)c)2 is dominated by a finite sum of terms

of the type

v ~211xNl . L
! 4.15) C P s B (1 ;
5 ( ) 45 221; e 11.12,---,1k=1 [[ hg?),hgz),u-,hg:)(ns't(’()) _
{ ) N 2 ‘
‘ Jh(Q).h(Q).,,.'h(Q)(zs.t(x))l ] f
1, Ty iy ;
; =2ixll ® 211 "o
P $ Cyglsup e s se ot (e‘)znnnlns.t(X)(h(H).
‘ X€E, O ! 3¢ :
| (@ 42 p2 () 1(q) (a) .2 i
| a...ple q) 1) ...
'. hJ(l)' 'hJ(l)“-q'"D "s.t(x)(hj(z)'hj(z)- 'hj(g))"_q- ,
2 n 1 2 n,
eeup ¥ (@ (@ ... 4@ 4,2 :
D ns.t(x)(hj(u)'hj(u)' 'hj(u))"-q'] "
1 2 n ¥
u N
/ ~2ixll_ © | _
\ + e 2 E[|J )
; ;ggl', ’1"2"""1{"1[ hg‘:),hi‘;).....hgl‘:)(n&t(x))
- N 2
400 4 .. (055, DD

1 2 k

i AWK f‘f_'.

Lemmas 5 and 6 and (4.12) give

=lixh 2.1/2

(4.16) sup e -pmx{E[(llDu;(zN (x))ll(q')) b ,E[(un“"'l;.:( N
x€E* s,t H.S.

zs. l:(x)

R I A g of ai ]

+7(n, ((0-2) NN ce M. 0T <1 0T

Hence from (3.10), (4.3), (4.16) and Lemma 5, we have constants C,g and C40

independent of €', and for any € > 0, a natural number N. such that (4.15) is

0o

-------

A
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dominated by

. No N 2 "1 (q)
| (4.17) &/3 + Cyge’ + Cg - 3 1 _IE[Ilns.t(x)-zs.t(x)ll_q.llD ns.t(x)(hJ(l).
- 1. 2' L k- 1

1@ ... p(@) weenp U (@ @ ...
1(1) h‘(ll))n c++ID " (x)(h (u) hg). hj(u))ll

+3 1D lzN OO A N h(‘l)))n2 ,eelD

% NOINO) i

N1 N

L (x )(h‘?} 1y

) IR C)) "r (@ @ ...u@
b P e LI ey ()

2
G M CH LS
2
Pr-1 oy
n

‘*"h(?l) “ﬁ?)) T “;?))’" ", t(x)‘h(?3+1)
1

@  ...n,@ weeqD Y (@) (@) ...@
h . J(m))u co+oID B (x) (b f") hJ( ) h( ))u J.

Pt
Therefore noting (3.10), (4.6), (4.7), (4.9)., (4.15), and (4.17) and taking

sufficiently small e¢', & and large N, we obtain

-lixil ~
sup e X -pﬂﬂk((U(t.s)F)(x))-ﬁk(E[F(z (x))])H(q) < e.
x€E’
P

The rest is to prove that E[;(zz t(x))] is a weighted Schwartz functional. Of
course E[F(z (x))] s t((x.fl).<x.§2>.°°°.(x.fm).<x.f1).<x.f2>.“'.(x.fe))

&+m

is a smooth functional. To prove g(z)¢s t(a:) € ¥(R" ), by the Leibniz

formula, 1t is sufficient to examine the finiteness of

s (1412”1 "e(=2) (%, (2] . for any tntegers O¢r.ken.

x€Re+m
¢ \J
279
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R S N i S R N R R N T A R ., ~" 8 \'x'\'\" e S R R A e A S S G S AL R Wl AR R AR
Pl N SN AP fl-’ .r.'a Ny EAArS N A N A R AT N A N N AN
o TN, ",.‘\.f,.-. - e '. \ '\ '»;u,'- AT ."".a SR r s A ANy e -



T T T T T T I I T R R I I I DY Y DY Y PO IOV X T e

32

[
~ (]
By the expression (4.14) of D (F(z’:_t(x)))(hg‘:’.hgz).---.hfz)). (4.9) and the 4
m d \r bim ,
fact that f(z) = h(z)e(z), z € R and I(E) g{z)| < Copexp(- 2 Vix ]). 1t s
s0mP(~ 2 Vix, L
enough to show the finiteness of ot
m 2 ] 2.n e ___ . 00m nf
(4.18) sup(1 + 2 G, § 0% 2 <x.{ 0%) exp(- 3 ~/|<x.§1>l - 2 V[x.C o)
Q i=1 J=1 i=1 J=1 J ';
4
_ o
B (R CARGIN CHNO N b ]
where V .
Q = {xi (<X, DL B>, oo L E DL DD 00 e D) € RO, 3
B (2) = (©Mne). o) = (D)%), = € B, ;
N N N A
1-1—(u)(zs.t(x)) - h(“)(<zs't(x).§l>. @) (}).Ep. ek (x).E)) 3
and :
N N .
W@ ) = oY Ep. ) g 0.80). :
- W
stnce [W*(:)| < ¢ exp( 3 VIx ). (4.11) of Lenma 6 yields that (4.18) 3
i=1
is dominated by :C
m Y ] & _ t"'
(4.19) sup(l + I x.E D% I . 0% exp(- = V[<x. Lo DEL(#C (Y (x)))H /% y
Q =1 ' oy =1 J s.t -
<C (1;<xf)2§<xf>2)n (e\/l | 3
sup(1+ . + . exp(- 2 vix.0 > LA
52 Q 1=1 1 j=1 J J=1 c-’ ) ]
m .T
(1+ X <z [0.EpH* 174 -
& 1=1 3 RO 4 2
et Nz, (x))] \
N 2.4n 8.t S
(l+i£1<zs.t(x).§i) ) ) 't
- 1
c ( m 2 ! ] 2.n Y ] s/l_——l :‘
< Coqllpll_sup(1+ X <x,E >+ I <x.L >)exp(- 3 V|<x.CO1) T
S3"n Q i=1 i J=1 d J=1 J .:
:
Y
[ )
S S L e
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W 3
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? Y
‘ 174 3
1 3
xE - ’ Y
N 2.4n '
. (1+ 3 (zs.t(x).§1> ) [
J: ) i=1 ‘
; where llpll | = supm(l-'~|4'.|2)n |~p(r)(z)|. 4
+J <€R K
¢ 0<r<n
3 On the other hand, we can verify the following lemma. \
| s
¥ ¢
2 Lemma 7. For any fl.fz.'“.fm € E and any integer p 2 1, we have \
4
.. 1 .
4 E < C.(T) . 0 {s,t T,
54
33 (1+ 3 (z ()8 2P (1+ 3 £ 2P \
) i=1 ' e
1 i=1 i
] i
Proof. Setting 68(x) = - 1 and applying the It; formula for 3
) (1+ T . >P)P ]
k) i=1 ’
I\ N
" 6(zs.t(x)). we get
X 1 g
. (4.20) E > — 4
$ (l+ 2 (z (x) § > ) (“_ 3 <x.F >2)p 4
=1 '3y 'Y
) i=1 N
; [J 2p(l+ s <z Lx).8 >2) (P”)(z (z REB R B(r.z (x)) ) dr}
h i=1 ]
) m o ;
A S| z{zp(p+1)(1+ 3 N ROER »2) (P2 (5 &N L. £ >A(r 2 (x))h( ).£)? |
w %4=1 =1 1=1 3
s :
; - <y (x).£,5%) P 3 G(r. o (x))h(o) £Y))ar] ;
4 1=1 1=1 ‘
1 By the boundedness of Xk(t.x). (4.20) is dominated by >
(‘ :
1 t 1 :
@ * CSS‘rs m ]dr. »
; (1+ 2 (z L)ED 2p (1+ = (z Px).ED 2)p -,
- 1=1 4
';, g
». 4y
o
A J
o
g e e A Ny e R
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"

o

;? which yields the proof of the lemma, together with the Gronwall lemma.

¢

| Using this lemma, we see that the right hand side of (4.18) is dominated
«';

'C

& by

e

N n o ¢ o n e )

X Cogllell sup (1+ 2 <x.E 07+ 2 <x.§J) ) ‘exp(- 2 \/|<x.fj>|)
N Q i=1 i=1 j=1

o

,

Y x 1 { »,
" " 2,n
s (1+ 2 (x.fi) )

) 1=1

y ~

g Hence E[F(zs t(x))] is a weighted Schwartz functional and the proof of
'.\ ’

f Proposition 2 is complete. :
X
@ The following remark is immediate.

: |
% Remark. Under the assumptions of Proposition 2, (L(t)F)(x) € 9., if F € )
‘ ‘
‘ §5. Theorem

4

*
5 Propositions 1 and 2, together with Remark 1, yield
& Theorem. Suppose that the coefficients A(t.x) and B(t,x) satisfy the ‘
:3 conditions (H1)-(H3) and are approximated by bounded smooth functionals on E'.
; Then L(t) generates the Kolmogorov evolution operator U(t,s) from 9., into D
f' itself. Further under the same assumption on the initial value as in 2
. Proposition 1, the continuous SQﬁE.)-process solution of (1.1) is uniquely )
A i
p given by )i
' Xp(t) = Xy 0)p(0) + W) + So¥y (oyuce. o)p(5)ds. o
' . -
. .
- As a direct application of our theorem, we give below another approach to 2
N 3
) K¢
]
o

T N G
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the fluctuation problem in [4].

Example. Lattice system of interacting diffusions

W Wi WU T OO LT Y IO Y R a agh S,

First we begin to explain the system that Deuschel considered in [4]. Let

2% be the d-dinensional lattice, 1=(1).1,.+++.1,) € 2% and ¢ = #(2%) the

1!i2l
Schwartz space of rapidly decreasing sequences § = (El)’ metrized by the

countably many semi-norms:
2 2p 2
NEuS = = . (+[1))P1g, 1%, p=0.1,2,--- .
P ye2d 1

The dual space ¥' = 9'(Zd) of ¥ is the collection of all slowly increasing

sequences X = (xi) such that for some integer p 2 O,

iz = 3
P

Let bi(x). ie Zd. be a real valued infinitely many times 9§-Fréchet

differentiable mapping on ¥' for every integer p 2 O such that bi(x) = b(Gix).

where b(x) is a real valued mapping on ¥' and Gix = (x

J+i)’
(V1) We have some natural number Po such that
® ~2p
(0] 2
24 (+lsl) T(sup b (x)])° < @
12 xey' 1
(V2) For any integersn 2 1 and p ) O,

1ezg(l+|1l) 2p(sup 1" (x)ﬂ(p) )° < o,

(V3) For any integers p 2 Por 4 2 0and n 2 0, there exists a sequence of real

valued bounded smooth functionals bgm)(x) such that

lim sup D™ (x)- nb(m)(x)“(q) = 0.
m-wxev

s e ek e N
N don O T A oo o
o S e M .
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. [ R VP, 0 00 8, 4
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o
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Let x(t) = (xi(t). 1€ Zd) be an 9'(Zd)-valued solution of the following

equation:
(5.1) x,(t) = o, + B, (t) + f;bi(x(s))ds,

by(x) = b(8;x), 8,x = (xy,,).

where (Bi(t)) are independent copies of the 1-dimensional standard Brownian
motion B(t), (ai) are independent copies of the l-dimensional random variable o

independent of B(t) and for any e > O, E[exp(e"(ai)ﬂ_p )] < ». For a finite
(o]

lattice V € Zd. consider

|-1/2 35

Ty(e) = [V Joy 08, x(8)"

Now put

Wy (t).9> = <Ty(t).8> - E[<T(¢).95]. & € c‘;(y').

Then it can be proved (see [18], [22]) that Uv(t) becomes a strongly continuous

C%(?')'-valued stochastic process. We will prove tightness for Uv(t). V€ ld

following [5], [19]. in C([0,®); Cw(V')'). Let L. be an operator defined by
0 0

(LF)(x) = 3 trace , , D?F(x) + DF(x)(b(x)). F €
@) ¢ (@)

where b(x) = (bi(x)).
By the conditions (V1) and (V2), equation (5.1) is solved in 9;
(o]
Then we have by the exponential integrability proved in the same

, so that

t) €Y .
x(t) € 9,
way as in Lemma 5,

2 2
E[<Ty(t).>°] < Cgptoi o 0.

oo .

Ny W
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¥
s Since CQ(Q') is dense in Qy'(zd)' Tv(t) is extended to a continuous
Q(E zg -process We denote the extension by T¢ v(t).
N - Let ¢(x) = ¢((x,§1>, (x.fz).---.<x.§n>). ¢ e S(Rn). By the It; formula,
.: we get
"
. _ t
. (5.2) <Tv(t).¢) - (TV(O).¢> = H¢.V(t) + IO TLO¢.V(s)ds.
here
s whe
A _ n
2 My () = VT2 3 58 3 52 6(<8,x(s).E>. <B,x(5).Ex>.**+.<0,x(s).E )
®.V 0 ax 1 27
_ i€V J=1 J
d (3, & a(e))
3 kezd ¥
b
Pul ) 1
g where Ei = (Ek). ke Zd.
[ From the independence of Bi(t)' { € V and the fact that x(t) € 9; . We
; 0
o have for t € [0,T].
b (5.3) EM, ()Y ¢ conon?
" : ®,V 58" pg.1.1
L)
L Then H¢ v(t) can be extended to a continuous 2(9 ld )-process and has the
)
- same regularity properties that the Y(Q zé )-Wiener process has. Conditions

x

(V1)-(V3) guarantee that Lo belongs to the class dealt with in the Theorem. We
use the same notation U(t,s) to represent the evolution operator generated by

Lo. Thus the solution of (5.2) is given as follows:

Ty(£).8> = Ty, 0y0.v(0) + My (1) + f;HLOU(t's)¢'v(s)ds

as in the proof of Proposition 1. Hence by (5.3) and the Kolmogorov test for a

real Wiener process, we get

-. .. _
. ,‘ ‘} “'. l.‘.".",n‘_l.‘..

g
.’-

EL[<uy(£)-Uy (). ¢ gle-s]?

N

"

~

8]

~

+ &)

@

K

A3

L4, “(-.., Y e N).-l ""p#'\ 1 1 ' *(' ')\‘ { '1"" 1“7 V‘i"-l'l"‘vl"‘ » y.ﬁ J\{'J"‘J‘-'I‘\('" -

K. A -*H* A ol ) . W () o Ngpuata!
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and further

EL |<uy(t).0>1%1 < ¢ (uqsu

o'l'l + oz:ztllU(t . s)oll 0'1.3}
? which proves the tightness in C([O.w):Cz(V')‘). ([5]. [18]). By the Skorokhod
g. theorem and the usual limiting argument, the limit process N(t) of Uv(t)
ﬁ» satisfies the SDE
‘i (5.4) MN(t)-N(0).8> = Wy(t) + f(t) NLO¢(s)ds.
where NF(t) FEY (zg). is the extension of N(t) and WF(t) is a

‘ £(2 )-Wiener process [8]. )
¢ () 5
ff The uniqueness for solutions of the equation (5.4) discussed in Theorem 1
1‘ implies the identification of the distribution of the limit process, ([20],
% [21]). which implies that Uv(t) converges to a Gaussian field in
E C([0.#):C,(¢°)").
;; §6. A fluctuation theorem for a system of interacting., spatially distributed
" neurons.

A problem in neurophysiology that has received considerable attention in
3; recent years, is the stochastic behavior of the voltage potential of a
té spatially distributed neuron [11,26]. When the spatial dimension of the
»i neuronal membrane is greater than one, the voltage potential is modeled as a
‘3 stochastic prccess taking values in the dual of some nuclear space such as the
v? space of Schwartz distributions 9'(Rd). The SDE satisfied by the voltage E
é potential is best introduced via the following general model: Let H be a real
S separable Hilbert space, in applications, usually H=L2(1.du) vhere X i{s the
13 membrane of the spatially extended neuron (e.g. X = [0,b], a d-dimensional i
® J

rectangle or a compact Riemanian manifold with or without boundary, and u is

ARG L S A I O S T -."-. | W
‘!" ::" -".o f L ; Qi) e LA L L o'. OOty A o ! Inte” s '?“'. : " ' (AN
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the appropriate natural measure on X). Let Tt be a strongly continuous

semigroup on H generated by a closed, densely defined operator A such that ;

P EY a oo

(:xf,f)ﬂ € O for £ € Dom(X) where (-.-)H denotes the inner product of H. Assume

that some power of the resolvent of X is a Hilbert-Schmidt operator {.e.

Y e e

-r
(6.1) (AI - X) 1 is Hilbert-Schmidt for some r, > 0.
¢ '
‘». Then there is a CONS {¢.} in H such that =Xy, = A ¢, for any j21 and ()
W 09\10\2(... . Set
’ o 2 2
. ={E€H X (IA)(f.o)y <= forany r2O0).
1] J=1 J J (]
3
. !
Define the inner product on E,
™ N X
(.0)p = 3 (19 )T(E.0 ) (C0) :
¢ r =1 J J’H J'H )
and Er as the ll-llr-completion of E, (llfllf = (E.E)r) and Ex'_ as the dual of the :
. r
K, Hilbert space Er' For r<s, Es c Er and Eo = H. Condition (6.1) implies that N
Y v
) the canonical injection Ep =+ E_ is Hilbert-Schmidt i{f p > r+r,. Hence E is '
o nucelar.
Since X generates T, on H, we have for f € Eand t > 0, :
K \
A . ™
; th = e (Eowj)ovjo .
. =1 :
o The following properties of Tt can be easily verified:
; (a) TtE CE; .
Q. )
b (b) The restriction of 'I‘t to E is an E-continuous semigroup: by
) . ¢
‘.: (¢) to th is continuous for every f € E; ‘:
(d) The restriction of X on E maps E into E and is the generator of the
; (]
D) ,
K
!l
[}
o

"
‘0

A
rat et ) W o) .l.. NN Y NN R . \ o N

.........

5"- ’

0, l'
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semigroup Tt on E; ]

(e) For forany { €E and t > O,

' T < anr ;
I

K The voltage potential is then derived as the solution of an E'-valued SDE X
" *
LR - y
! (6.2) dX(t) = dp(t) + X'X(t)de :
)

; where X' is the adjoint of X on E and B(t) is an E'-valued Wiener process with

0

: 4
i E[<B(t).E> <B(s).{>] = (t A s)Q(E.{). Q being an E-continuous quadratic form. 3

Let us now define

0 V(t)x.E> = x.TE Vx€E', f €E. q
l‘ (l
14
! |
i Then, using property (e) above we have
4
" L)
! IV(E)xt_ = sup |<x, T E>| < Mxi_.  sup T EN_ Uxh__
s nel $1 HEurgl :
and so 3
:; [y
i (6.3) sup IIV(t)xll_r < llxll_r |
04t<T !
[ (6.3) is a special case of condition (VI2) below, which is thus satisfied for -
; the class of spatially extended neurons whose voltage potentials are modeled by 3
Iy N
ﬂ (6.2). For specific examples of L2(1.du) and the semigroup Tt which describes -
4 . =
: the deterministic part of the behavior of the neuron, see [11]. ﬂ
E We now come to the question of interacting assemblies of a very large .
' R ‘e
N number of neurons. This appears to be a very important problem of X
4 g
5 physiological interest since such large systems are involved in the func..oning
X of the central nervous system. The difficulty consists in discovering the

precise nature of the interaction in a mathematical form. In this section we

IR PAAAPINS

consider an interaction similar to the mean-field interaction in particle

]
e
: 9
A
#§ ) -\9'\. T ] ?'\wr. "'"F‘M ?‘.-’ \ "'r-'."ﬁ"h"\
..':“::’.::A:?‘.“?'::, ..!: o'.’.:.o. . .'4' .0 ‘. '~:::::"|0" ™, t"n' “" "a"' ". l“' 3.».0...!'\'.." S, i’ 0‘ .":‘..‘.‘c l‘hl‘- CLSN I‘- Fai W “‘ oThhd
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diffusions. Another, possibly more realistic interaction known in the

b
physiological literature as "parallel fiber interaction” will be investigated !
(S
in our future work. §
J
¢,
Let b(x.,y) be a mapping from E'xE’ to some EI; such that b(-,*) is '
6 fhY
(8
infinitely many El;-Fréchet differentiable for every integer p20 and with all 0
derivatives bounded; ":
3
(VI1) sup IID D b(x. y)u(") (w
x.y€E' -
for any integers k,m and p 2 0. Here Dx and Dy denote the Fréchet derivatives N
.é
with respect to variables x and y. The i{-th component Xgn)(t) of the n-system :f
v
of diffusions is obeyed by the following stochastic differential equation: A
(n) My L 3 ™. x® 3
n n n
(6.4) ax;™(t) = dB (£) + (A()X{(e) = zlb(xi“ (t). X5 (e))}de, 3
= 3
i=l|2|...on- ’
X
where(ﬁi(t)} are independent copies of an E'~valued Wiener process f(t). 2
Ly
Suppose that A(t) generates the strongly continuous contraction evolution '
operator V(t,s) from E' to itself such that for any integer p and any T>0, >
3
there exists some integer n(p.T) 2 p satisfying N,
:
u
VI2 su (e, s)xl xn

( ) OSSSI:ST (t.s) -n(p.t) 4 -p
Without loss of generality, we may assume n{p.T) ¢ n(q,T) if p { Q. Then (6.4) "
t
is equivalent to '
) ' 1 D X
(6.5) x(M () = v(t.0)0, +5EV(t.5)dB, (s)+SE V(t.s)(E 3 bx{M(s).x{M)(s)))as. ]
1 170 1 0 Ry 1 J 3
Ve assume the initial value g, to be an independent copy of o such that &
:
(]
t
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E[exp(eﬂa“_p7)] { ® for every ¢ > O and some natural number P7-

Since Q(E.C) is a continuous quadratic form on E, there exists an integer

r such that

172, 1/2
Qee.0) = @) %.Q%0),
where Qr is a self-adjoint operator on Er. Then clearly, B(t) € E; for some
8
integer Pg >r.
The solution of (6.5) until time T is easily obtained by the usual method

of successive approximations in E’ n(p Py )" where Pg = Pg v P; v Pg-

For the finite measure v(dx) on E‘, set b[x,v] = J..b(x.y)v(dy), where the

integral i{s the Bochner integral on E' and consider

(6.6) aX (€) = 4B (&) + {A(6)X, () + bIX,(t).u])de.
u(t.dx) = the distribution of Xi(t).

Then according to the following lemma the empirical distribution
n

—t

= (n) converges to u(t,dx) in probability in the usual weak convergence
Jlx (t)

of measures, where bx is the Dirac measure at x in E'.

Lemma 8. For any T > O and integer J21,

}:[ux("‘)(t) - X (t)ll n(p 1) €6 (T)/m . 0<t<T.

Proof. Put n, = n(ps.T). Then the condition (VI1) yields

ub(xf"')(c).xg"')(:)) - b(X,(t). xg""(c))n_p

(ng)
sx?;g}: D, b(x.y)y o x{™(e) - X, ()n__

,3,\{ N \- v'_‘-\ \ - '\- o .‘ \-- Tt W -,J_:-: 'y'—f--"'--:-n'"-ﬁ'_:-'A*;.'—\f DO

’-(*.'.r
..... .......H-.on“ﬂl.‘i, ! e
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¢ Ceoix{™ () - x (ey_

Iib(Xi(t).Xgm)(t)) - X () Xy (DI, ¢ Ces"xgm)(‘) - X (e, . )

0

so that we have

(6.7) E[lesm)(t) - xi(t)uf;“o]

m
Cea(MIELIV(e.5) (L leb(xgm)(s).xgm)(s)) - b[Xi(s).u]}llin]ds

oy s - N
ot W X K] he

m
Ces(T) SE(EDH X{M(s) - xi(s)ufgo] +1 les[uxgm)(s)-x J(s)ui{o] )

B NN, B

1 T 2j
*EL G 2 (B, (). Xy(5)) - BLX, () uINZ] Dy,

Noticing the independence of Xi(t). 1=1,2,+++,m and the condition (VI1), we

have

m
(6.8) E [ l%;ﬁl(b(xi(g).xj(s))-b[xi(s).u]}ufr{s] < Cg(T)/md.

g

Therefore Gronwall's inequality, together with (6.7) and (6.8), implies the

assertion of Lemma 8.

Now we proceed to the discussion of the fluctuation problem. We are able

B G r R A

to consider Un(t) = vh (xl-t - u(t.,dx)) as a C;;(E')‘—valued continuous

25
3=1 x{Me)

- o o

-

stochastic process [18], [22]. To check the tightness of Un(t) in C([0.%): J

C;(E')') of all continuous mappings from [0,*) into C:(E')'. it is enough to

verify the Kolmogorov tightness criterion for (Un(t).ib). ® € C;(E'). where ]

< . > denotes the canonical bilinear form on C;(E')‘ x C;(l’-;'). [s]. [19]. !

s " - o o Q.d . ._

We have the following exponential integrability.

®
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Lemma 9. For any a>0, T>O and any integer p 2 n(pg.T). there exists a

constant C67 = C67(a.T.p) such that

(n)
X" ey X, ()
sup E[ea 1 Qp] v E[ea 1( ) -p] < Cé7.
0gtsT

Proof. Set nozn(pg.T). Assumptions (VI1) and (VI2) give

max{"XSn)(t)H_no. X () } S W oyl + Cog + HSEV(e.s)dB, (s)U_

and hence the lemma can be proved in the same way as Lemma 5.

Once we know Lemmas 8 and 9, we can check the moment condition;
(6.9) ELI<U_(£)-U_(5).>|%] ¢ Cq(®) |t-s ]2,
(see [8]). Similarly we have

o 2
(6.10) oeap Ln(): 97 € Go(MWOU, (1) in(pg.T) 1"

Then a subsequence of Un(t) converges to U(t) in C([0.®); CS(E‘)'). Further
(6.9) and (6.10) guarantee that Uh(t) and U(t) can be extended to continuous

Q(QE.)-processes and so we denote the extensions by (Un)F(t) and UF(t).

RS

F € ”E" respectively.

P
.

For any F € QE" define

S ‘.'x(*r{ 5

A

(K(t)F)(x) = 3 tracey DPF(x)oL(QM%)"%(Q}%)*] + DF(x) (blx.u] + A(t)x)
T

+ Jo . DF(y)(b(y.x))u(t.dy)

and

We(t) = Up(t) - Ug(0) - I;UK(S)F(s)ds.'
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where trace ¢ DF(x) © [(q/%)"(a}"%)"] = ng DG (@) %)), (@)% ()
and * means the adjoint operator with respect to the dual pair on E'xE.

By following the argument of [8] word by word, we have the proof that
WF(t) is a continuous ¥(2...)-Wiener process. Thus any limit process of

convergent subsequences of Un(t) satisfies the weak SDE of type (1.1).

Now we impose a rather technical condition on b(x.y).

(VI3) For any € > O and any integers p.q.n 2 O, there exists a C:-functlon

b(z.y) of RR" to E, such that
6

) _
::E'" o} DJIb(x.y)-b(<x.E >, <x. Epd. oo . E D
P

.8, <y.c2>.~--.<y.cm.>)]u§?;_ <e.

OCu+v¢<n, Ei' CJ e E, 1=1,2,+++,m and j=1,2,¢¢*.m".

Here C:—function means Ekz.y) itself and all the derivatives are bounded.

Ve set

(A(£)F)(x) = gtraceg DPF(x) o [(Q}"%)"x(Q}"%)™] + DF(x)(b[x.u] + A(t)x)
r

and
(J(t)F)(x) = S .DF(y)(b(y.x))u(t.dy).
Though X(t)x i{s not bounded, from a part of the proof of Proposition 2 and the

assumptions (VI1) and (VI3), we can show

A(t)ﬂ!E. C EE and J(t).‘bE. C ’E .

Since

ng ((x) = V(t.5)x + IEV(t.r)ap(r) + I:V(t.r)b[ns'r(x).u]dr.

[ ]
choosing q' > n(q"”,T) such that q" > max{p.pg.q} and 2 uhSQ)ufq" { ® in the
J=1

proofs of Propositions 1 and 2 and recalling the condition (VI2), we conclude
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that Lemma 5 holds if q' in the right hand side is replace. by q" and hence,

together with (VI1) and (VI3), we obtain that A(t) generates the Kolmogorov
evolution operatsr from 9., into itself similarly. Further since J(t)
satisfies the condition of Proposition 2 in [21] and the proof of Proposition 2
in [71] is valid for any Fréchet space, K(t) = A(t)+J(t) generates the
Kolmogorov evolution operator U(t.s) from QE' into itself. Since the Theorem
gives the identification of the distributions of the limit processes U(t), we
obtain the conclusion that under the assumptions (VI1) - (VI3) and the
exponential integrability of o. Uh(t) converges to a Gaussian field governed by

the weak SDE of type (1.1) in C([0.®); C;(E')'). namely,

Wp(t) = dWg(t) + X yp(t)de,

where WF(t) is an Q(QE.)—Wiener process with
E[Wg(t)Wg(s)] = fé’““{- Jfl"F(x)((o 72y n$ e (%) )u(r. ax))ar
and XF(O) is a Gaussian random variable with

E[Xg(0)X4(0)] = E[F(0)G(e)] - E[F(0) JE[G()]. F.C € 3.
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